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Abstract
A unified approach to the analysis of quantum phase transitions
in some different Curie-Weiss models is proposed such that they are
treated and analyzed under the same general scheme. This approach
takes three steps: balancing the quantum Hamiltonian by an appropri-
ate factor, rewriting the Hamiltonian in terms of SU(2) operators only,
and obtention of a classical Hamiltonian. SU(2) operators are obtained
from creation and annihilation operators as linear combinations in the
case of fermions and as an inverse Holstein-Primakoff transformation
in the case of bosons. This scheme is successfully applied to Lipkin,
pairing, Jaynes-Cummings, bilayer, and Heisenberg models.
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1 Introduction
Quantum phase transition (QPT) has been given much attention and scien-
tific effort during the last years since it proved to be a collective phenomenon
observed in very different areas [1]. More recently, the concept — originally
defined as a property of the ground-state energy — was enlarged to encom-
pass also the manifestations found in excited states (ESQPT) [2, 3]. One
of the major interests in this field comes from the possibility of a better
understanding of the intricate behavior of many-body systems, observed in
very different physical situations, although “direct comparison of treatments
using different complicated notations is difficult”, as described by Lipkin,
Meshkov, and Glick in their famous 1965 paper [4].
We propose here a unified approach to analyze the occurrence of QPT
in a set of models coming from different areas: the Lipkin and pairing mod-
els from nuclear physics [4, 5], the N -atom Jaynes-Cummings model from
quantum optics [6, 7, 8], the bilayer model from condensed matter [9, 10],
and the Heisenberg model from magnetism [11]. Although they are very dif-
ferent in their physical natures, these models share the common feature that
the expected mean values of their observables admit an expansion in powers
of 1/N , where N is, generically speaking, the number of constituents of the
system; in short, they are Curie-Weiss models [12]. This property is deeply
connected with the possibility of a (semi)classical description based on a
proper Hamiltonian function corresponding to the quantum Hamiltonian
operator for the model in question. Several quantum-classical connections
can then be made, which lead to semiclassical characterization and analysis
of QPT in these models. Such connections range from quantum spectra and
classical orbits to critical value of a parameter at QPT and the change in
(in)stability in phase space.
With this perspective, we propose the following scheme to analyze the
above-cited models in a unified approach.
Firstly, the original quantum Hamiltonian is rewritten in terms of SU(2)
operators only. This is achieved either by defining pseudo-spin or pseudo-
angular momentum operators as suitable combinations of the original fermionic
creation-annihilation ones, or by performing an (inverse) Holstein-Primakoff
transformation [13] on the original bosonic creation-annihilation operators
to produce again SU(2) operators.
Secondly, the quantum Hamiltonian, written as
H = H0 + gHint, (1)
is balanced by a factor N s [14], where N counts the (constant) number of
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particles in the system and
s = [Hint]− [H0] . (2)
In this expression [Ha] is the highest power of SU(2) operators in Ha.
In a final step, a classical Hamiltonian function is obtained from these
SU(2)-based quantum Hamiltonians, by following a prescription set by Lieb
[15]. With the quantum and classical Hamiltonians, it is possible to obtain,
and compare, results associated with QPT both on quantum and classical
levels. These steps are summarized as
H
(
a, a†; b, b†
)
→ H (Jz; J±)→ Hbalanced (Jz; J±)→ H (p, q) , (3)
where a and a† are generic fermionic operators, b and b† are bosonic ones,
Jz and J± are sets of SU(2) operators, and p and q are pairs of canonical
conjugate classical momenta and coordinates. H and H stand for quantum
and classical Hamiltonians respectively.
Moreover, since all the models we will treat can be put in the form
H = H0 +
g
N s
Hint, (4)
where H0 sums up the energy of the free constituents and Hint takes into
account the contribution to the energy given by the interaction between
those elements, it will be seen that the classical Hamiltonians can be put in
the form
H = pn + λHint (p, q) , (5)
where n is 0, 1 or 2, depending on the model, and λ = λ(g) relates the
quantum interaction parameter g to the corresponding classical one λ.
It will then be seen that, in these models, QPT presents universal char-
acteristics concerning quantum spectra and the behavior of mean values as
functions of the interaction parameter g, and also concerning the structure
and behavior of classical orbits with respect to the parameter λ.
That scheme is illustrated in some detail with the Lipkin model and
then is applied comparatively to the other models. In each case, a brief
description of the model is given, a quantum treatment characterizes QPT
in terms of the energy spectra and of a given mean value, both as functions
of the interaction parameter g; finally, a classical treatment analyzes the
classical phase space in order to characterize QPT in terms of the orbits
and (in)stability of the critical points.
In the next section, the models are briefly presented, the above-described
scheme is applied to each model, and the results are shown. In section 3, the
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results are compared and discussed from the perspective of common features
eventually present. A short section 4 concludes this article.
2 Models, treatments, and results
In this section, we take the Lipkin model as a prototype to illustrate our pro-
cedure. The other models are treated more briefly within the same scheme.
In all cases, sets of SU(2) operators are designed to accomplish for the in-
teractions between the constituents of the model and to satisfy the usual
commutation relations
[Jz, J±] = ±J± [J+, J−] = 2Jz. (6)
Also, we illustrate the quantum results in the same mathematical situation:
the operators H are diagonalized within subspaces of the same dimension
2J + 1 with J = 100 and with the interaction parameter g varying in [0, 3].
Quantum mean values are calculated for the ground state. Classical phase
spaces are shown for values of the interaction parameter λ before and after
the transition.
We note here that the results presented below agree with those eventually
found in the literature and obtained by other methods, when this is the case.
2.1 The Lipkin model
The Lipkin-Meshkov-Glick1 model appears for the first time in Nuclear
Physics as a test for the validity of some many-body approximation methods
[4]. Since then, it has become a treatable and very useful model in many
branches [16, 17, 18, 19, 20]. Particularly interesting is the fact that, being
exactly solvable, the Lipkin model can serve as a reliable laboratory to test
ideas and methods related to QPT [21, 22, 23].
We consider a system of N fermions, each occupying one of two levels
separated by an energy ε. This situation configures a N -fold degenerate
two-level system with single-particle states given by quantum numbers k =
1, 2, . . . , N for the particular degenerate state, and σ = ±1 for the upper
or lower level in the state k. Taking a two-body interaction between the
fermions, such that pairs of particles are scattered up or down from one
level to the other without changing the values of k, this system can be
1We follow the established literature and refer to this model as the Lipkin model.
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described by the quantum Hamiltonian [4]
H =
1
2
ε
∑
kσ
σa†kσakσ +
1
2
V
∑
kk′σ
a†kσa
†
k′σak′(−σ)ak(−σ). (7)
The first term just counts the difference between the number of particles
in the upper and lower levels, while the second term describes the change in
energy occurring when a pair of particles goes from the same level −σ (with
different k and k′) to the other level +σ.
Defining SU(2) pseudo-spin operators as
J+ =
∑
k
a†k(+1)ak(−1) = J
†
− (8)
Jz =
1
2
∑
kσ
σa†kσakσ, (9)
this quantum Hamiltonian becomes
H = εJz +
1
2
V
(
J2+ + J
2
−
)
. (10)
In order to put in evidence the critical value of the interaction at QPT,
we take the form [21, 14]
H = Jz +
g
2N
(
J2+ + J
2
−
)
, (11)
where the whole Hamiltonian (10) is scaled by the constant factor ε. Among
the different values of J allowed by addition of angular momenta, the ground
state of Hamiltonian (7) is realized with the eigenvalues J = N/2 and mz =
−J = −N/2 for the operators J2 and Jz.
The next step is the obtention of a classical Hamiltonian with the usual
definitions of variables [15]
jk = lim
J→∞
Jk
J
(k = +,−, z) . (12)
The relations
jx =
1
2 (j+ + j−) =
√
1− jz2 cosφ
jy =
1
2i (j+ − j−) =
√
1− jz2 sinφ
jz = cos θ
(13)
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make the variables p = jz and q = φ canonical conjugate variables in the
sense of the classical Hamilton equations of motion. In this limit, from the
quantum Hamiltonian (11), we get the classical Hamiltonian
H = p+ λ
(
1− p2
)
cos (2q) (14)
with −1 ≤ p ≤ 1.
Figures 1(a) and 1(b) show respectively quantum results for energy spec-
tra and the mean value 〈Jz〉 for different values of the parameter g in eq.
(11). Figures 1(c) and 1(d) show the classical phase space for two different
values of the parameter λ in eq. (14).
We observe that the quantum spectra are symmetric with respect to
their centers, a property that appears correspondingly in the classical phase
spaces. Inflection points, characteristic of QPT in these Curie-Weiss models,
are present in the spectra of the Lipkin model for g ≥ 1.0 and at energies
E = ±100. These are precisely the energies of the separatrices that appear
between rotations and librations, for λ ≥ 1.0. We refer to these orbits as
open and closed orbits, respectively. The appearance of the closed orbits
around equilibrium points (maximum at q = 0 and minimum at q = ±pi/2)
signals that a new phase is accessible to the system. The quantum mean
value 〈Jz〉 indeed shows a sudden rise in the collective excitation. We note,
furthermore, that the inflection points which are seen in the upward half of
the spectra predict a corresponding collective de-excitation for the highest-
energy state.
2.2 The pairing model
The pairing model was conceived after a suggestive analogy between the
spectra of nuclei and those of superconducting metallic states, where inter-
acting pairs of particles with equal and opposite momenta are the major
interest [24]. We take here the form studied by Krieger and Goeke [25], in
which two N -fold degenerate levels have an energy separation ε, just like in
the Lipkin model. These could be two nuclear j-shells j1 and j2, with states
labeled as kσ, where σ = −1 for j1 and σ = +1 for j2 identify the shells
and where k specifies the z-component of an angular momentum. In the
pairing model, one is interested in the scattering of pairs of particles which
are coupled with opposite values k and −k.
In order to take into account both the two levels and these pairing in-
teractions, we write the quantum Hamiltonian
H =
1
2
ε
∑
kσ
σa†kσakσ −
1
4
g
∑
kσ
a†kσa
†
k¯σ
∑
k′σ′
ak¯′σ′ak′σ′ . (15)
6
Figure 1: Lipkin model: (a) quantum spectra for interaction parameter
values g = 0, 0.5, . . . , 3; (b) quantum mean value 〈Jz〉; (c) classical phase
space for λ = 0.5; (d) classical phase space for λ = 1.5. The phase transition
occurs at g = 1.0 and λ = 1.0.
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Here a† and a are fermion creation and annihilation operators, a†
k¯(+1)
=
(−1)j2−ka†(−k)(+1) and a†k¯(−1) = (−1)
j1−ka†(−k)(−1).
Differently from the Lipkin model, in this pairing model the interaction
between the particles may change the value of k, if a coupled pair in states
(k,−k) is scattered to a new state (k′,−k′). Due to this coupling, we define
two sets of pseudo-spin operators, one for the upper level and another for
the lower one, as
J1+ =
∑
k>0
a†k(−1)a
†
k¯(−1) = J
†
1− (16)
J1z =
1
2
∑
k
a†k(−1)ak(−1) −
N
4
(17)
and
J2+ =
∑
k>0
a†k(+1)a
†
k¯(+1)
= J†2− (18)
J2z =
1
2
∑
k
a†k(+1)ak(+1) −
N
4
. (19)
These are SU(2) sets of operators and [J1α, J2β] = 0 for any α, β = −,+, z.
Applying these definitions to Hamiltonian (15), we get
H = ε (J2z − J1z)− g
N
(J2+ + J1+) (J2− + J1−) . (20)
Moreover, the operators J1
2, J2
2 and (J1z + J2z) commute with the
Hamiltonian and their mean values are constants of motion. As in the
Lipkin model, the ground state here is realized for eigenvalues J1 = J2 =
N
4 ,
and mz = −N4 for both J1z and J2z. Since J1z refers to the lower particle
levels, with energies − ε2 , it is a maximum for this ground state, while J2z is
a minimum. In this way, one needs only to diagonalize H in the subspace
where J1z + J2z = 0.
Also, using the same definitions (12) and (13), we get from the quantum
Hamiltonian (20) the classical Hamiltonian
H = (p2 − p1)− Λ
[
2−
(
p2
2 + p1
2
)
+ 2
√
1− p22
√
1− p12 cos (q2 − q1)
]
.
(21)
The following canonical transformations
pa =
p2 + p1
2
qa = q2 + q1
8
(22)
pb =
p2 − p1
2
qb = q2 − q1
rewrites (21) as
H = 2pb − Λ
{
2−
[
(pa + pb)
2 + (pa − pb)2
]
+2
√
1− (pa + pb)2
√
1− (pa − pb)2 cos (qb)
}
. (23)
Now, the restriction J1z + J2z = 0 takes the classical form p2 + p1 = 0 =
pa, so H becomes
H = p+ λ
(
1− p2
)
cos2
(
q
2
)
, (24)
in appropriate energy unity, and where the index b is suppressed as it is
no longer necessary. Note that, here, λ assumes negative values in order to
follow the interaction assumed in (15).
Again, Figures 2(a) and 2(b) show respectively quantum results for en-
ergy spectra and the mean value 〈J2z〉 for different values of the parameter
g in eq. (20). Figures 2(c) and 2(d) show the classical phase space for two
different values of the parameter λ in eq. (24).
It is seen that the same general structure found in the Lipkin model
reappears with the pairing model. In this case, the spectra are not symmetric
but still repeat the lower half of Lipkin spectra, with the inflections points
associated with the quantum phase transition for g ≥ 1.0. Also, there are
the closed orbits (librations) around an equilibrium point, for λ ≤ −1.0.
The mean value 〈J2z〉 measures the number of elements in the shell j2 and
shows a collective population of this shell for g above the critical value.
2.3 The N-atom Jaynes-Cummings model
The Jaynes-Cummings model [26] with N atoms — also named in the lit-
erature as Dicke model [6] or Tavis-Cummings model [27] — considers the
interaction of N two-level atoms with a single mode radiation field of fre-
quency ω0 (see also [7] and [8]). For each atom, the two levels are separated
by an energy ε. Since its beginning, the model takes the N atoms (or
molecules) as a single spin system described by SU(2) operators J1+, J1−,
J1z with N = 2J1, and the radiation field described by bosonic creation and
annihilation operators b, b†, and b†b. The quantum Hamiltonian for this
spin-boson system, with h¯ω0 = ε, is written as
H = ε b†b+ εJ1z + g
(
bJ1+ + b
†J1−
)
+ g′
(
b†J1+ + bJ1−
)
, (25)
9
Figure 2: Pairing model: (a) quantum spectra for interaction parameter
values g = 0, 0.5, . . . , 3; (b) quantum mean value 〈J2z〉; (c) classical phase
space for λ = −0.5; (d) classical phase space for λ = −1.5. The phase
transition occurs at g = 1.0 and λ = −1.0.
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where the first two terms count the free energies of atoms and field, and
the last two terms describe the interactions between atoms and field in the
rotating wave and non-rotating wave approximations.
In order to get a quantum Hamiltonian fully written in terms of sets
of SU(2) operators, we apply an inverse Holstein-Primakoff transformation
[13, 28] on the bosonic operators b, b†, and b†b, so as to spinorize them. We
define
b†b = J21+ J2z b† = J2+
1√
J21− J2z
b =
1√
J21− J2z
J2−, (26)
and take |m〉 = |ψn〉, where |ψn〉 are the eigenstates of b†b with eigenvalues
n = J2+m. Note that |ψ0〉 = |−J2〉 and b†b counts the number of excitations,
starting at the lowest eigenvalue of J2z.
Applying the transformation (26) to Hamiltonian (25), we get
H = J21+ (J1z + J2z)
+
g√
N
(
1√
J21− J2z
J2−J1+ + J2+
1√
J21− J2z
J1−
)
(27)
+
g′√
N
(
J2+
1√
J21− J2z
J1+ +
1√
J21− J2z
J2−J1−
)
,
where, again, we use ε as the energy unity.
In the rotating wave approximation, with g′ = 0, the observable
(
b†b+ J1z
)
commutes with H and is a constant of motion; so (J2z + J1z) also does.
In the counter-rotating wave approximation, with g = 0, the observable(
b†b− J1z
)
commutes with H, as well as (J2z − J1z). In diagonalizing
Hamiltonian (27), we take advantage of these constants to reduce the size
of the matrix.
Again, taking definitions (12) and (13), followed by the canonical trans-
formations (22), the classical Hamiltonian reads
H = A+ pa + λ
√
1 + (pa + pb)
√
1− (pa − pb)2 cos (qb) (28)
+λ′
√
1 + (pa + pb)
√
1− (pa − pb)2 cos (qa) .
In this expression, A is a constant with no contribution to dynamics, and λ,
λ′ are appropriate parameters derived from g and g′ respectively.
For the Jaynes-Cummings model, we separate two cases of interest. In
the rotating wave approximation, λ′ = 0 and the chosen constant J2z + J1z =
0 leads to p2 + p1 = 0 = pa. In this case, we have
Hλ′=0 = λ (1 + p)
√
1− p cos (q) . (29)
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It is seen that the parameter λ is a global scale factor, so the phase space
remains unaltered for any value λ > 0.
In the counter-rotating wave approximation, with λ = 0, we take J2z − J1z =
0 to get p2 − p1 = 0 = pb and
Hλ=0 = p+ λ′ (1 + p)
√
1− p cos (q) . (30)
In the sequel, we present two sets of figures for these two cases (Figs. 3
and 4). Both sets bring spectra and mean value of an observable as quantum
results, and phase space pictures as classical results.
In the rotating-wave case, due to the commutation of J1z + J2z with the
Hamiltonian, the interaction parameter g is a global scale factor, and the
classical phase space is invariant with respect to λ. The mean value 〈J1z〉
does not show any change for g > 0. One can observe that there is, in fact,
an inflection point at the center of the spectra, but there is no accompanying
change in stability in the classical phase space. Indeed, the mean value 〈J1z〉,
calculated for the energy eigenstate at the center of the spectrum has the
same constant behavior as that shown in Fig. 3(b).
In the counter-rotating-wave case, however, the whole phase-transition
structure observed in Lipkin and pairing models is again present. One ob-
serves the inflection points in the lower part of the spectra, the collective
excitation of the atoms for g′ > 1.0 and the appearance of closed orbits
around the lower critical point in phase space. Note that the other upper
critical point never disappears.
2.4 The bilayer model
The bilayer model, in which two separate layers are each occupied by a two-
dimensional fermionic gas, has been used to test Einsteins’ prediction that
at low temperatures all the bosons in the system should condense into the
same quantum state. These bilayer models provide the necessary bosons
in the form of excitons given by bound states of electron-hole pairs [29].
In 2004, an experiment with a bilayer system under strong magnetic field
described exciton condensation in electron-electron parallel layers [30]. A
model Hamiltonian was proposed to mimic the dynamics of creation and
annihilation of excitons formed from the N/2 pairs of fermions, as suggested
by that experiment [9, 10]. We rewrite it here as
H = δb†b+ g
N/2∑
k=1
(
a†k1a
†
k2b+ b
†ak2ak1
)
, (31)
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Figure 3: Rotating-wave Jaynes-Cummings model: (a) quantum spec-
tra for interaction parameter values g = 0, 0.5, . . . , 3; (b) quantum mean
value 〈J1z〉; (c) classical phase space for any λ > 0.
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Figure 4: Counter-rotating-wave Jaynes-Cummings model: (a) quan-
tum spectra for interaction parameter values g′ = 0, 0.5, . . . , 3; (b) quantum
mean value 〈J1z〉; (c) classical phase space for λ′ = 0.7; (d) classical phase
space for λ′ = 0.8. The phase transition occurs at g′ = 1.0 and λ′ = 1/
√
2.
14
where b, b† stand for boson and a, a† stand for fermion creation and an-
nihilation operators. This Hamiltonian can be written in terms of SU(2)
operators only with the aid of definitions similar to (16-17) for the fermionic
operators
J1+ =
N/2∑
k=1
a†k1a
†
k2 = J
†
1− (32)
J1z =
1
2
N/2∑
k=1
(
a†k1ak1 + a
†
k2ak2
)
− N
4
, (33)
and of the inverse Holstein-Primakoff introduced for the Jaynes-Cummings
model (26) for the bosonic ones
b†b = J21+ J2z b† = J2+
1√
J21− J2z
b =
1√
J21− J2z
J2−. (34)
With these new operators, and taking δ = 1 as energy unity, the bilayer
Hamiltonian reads
H = (J21+ J2z)+
g√
N
(
J1+
1√
J21− J2z
J2− + J2+
1√
J21− J2z
J1−
)
. (35)
In this model, the total number N of fermions is constant and is given
by the operator
Nop =
N/2∑
k=1
(
a†k1ak1 + a
†
k2ak2
)
+ 2b†b, (36)
therefore,
Nop = 4J21+ 4(J1z + J2z) (37)
and N = 4J2 with (J1z + J2z) also commuting with Hamiltonian (35). We
work in the subspace J1z + J2z = 0 in this model.
Once again, definitions (12) and (13), followed by the canonical trans-
formations (22), put the classical Hamiltonian in the form
H = (1 + pa) + pb + λ
√
1 + (pa + pb)
√
1− (pa − pb)2 cos (qb) . (38)
Since we choose J1z + J2z = 0, we get pa = 0 and, neglecting the constant
term, we arrive at
H = p+ λ (1 + p)
√
1− p cos (q) (39)
15
Figure 5: Bilayer model: (a) quantum spectra for interaction parameter
values g = 0, 0.5, . . . , 3; (b) quantum mean value 〈J2z〉; (c) classical phase
space for λ = 0.7; (d) classical phase space for λ = 0.8. The phase transition
occurs at g = 1/
√
2 and λ = 1/
√
2.
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as the classical Hamiltonian.
We show below quantum and classical results for the bilayer model. Fig-
ure 5 follows the same displaying of the precedent cases.
It is seen that the bilayer model presents results with the same structure
as does the N -atom Jaynes-Cummings model in the counter-rotating case.
For the bilayer model, at the critical value g = 1/
√
2, there happens a collec-
tive formation of excitons. The difference between the quantum parameters
is due to the fact that in the bilayer model one has N = 4J2, whereas in the
Jaynes-Cummings model N = 2J1. Some care, however, must be exercised
in comparing these models. The interaction part of the quantum bilayer
Hamiltonian is, in fact, equal to the interaction part of the rotating-wave
Hamiltonian for the Jaynes-Cummings model.
2.5 The Heisenberg model
The Heisenberg model is a spin model, usually studied in statistical me-
chanics to show magnetic phase transitions [11]. However, it is an attractive
model also in the few-body domain, where possible integrable and chaotic
versions were considered [31, 32, 33, 34].
Here we look at the anisotropic two-spin Heisenberg model, often written
as
H = F (S1 · S2 + σS1zS2z) (40)
or, in our scheme,
H = J1zJ2z +
g
2
(J1+J2− + J1−J2+) . (41)
In this model, (J1z + J2z) commutes with H and provides a constant of
motion, which we take as J1z + J2z = 0. Relations (12) and (13), followed by
the same canonical transformations (22), produce the classical Hamiltonian
H = (pa − pb) (pa + pb) + λ
√
1− (pa − pb)2
√
1− (pa + pb)2 cos (qb) . (42)
From J1z + J2z = 0, we have pa = 0, so we end with
H = p2 + λ
(
1− p2
)
cos (q) , (43)
where λ and g have opposite signs.
Figure 6, showing quantum and classical results for the Heisenberg model,
appears below. Observe that the quantum mean-value curve is symmetric,
due to the quadratic term J1zJ2z in Hamiltonian (41).
17
Figure 6: Heisenberg model: (a) quantum spectra for interaction pa-
rameter values g = −3,−2.5, . . . ,−0.5; (b) quantum mean value 〈J2z〉; (c)
classical phase space for λ = 0.5; (d) classical phase space for λ = 1.5. The
phase transition occurs at g = −1.0 and λ = 1.0.
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The Heisenberg model shows a richer structure, which, in a sense, com-
bine characteristics seen in the rotating-wave case of the Jaynes-Cummings
model with those seen in the other models. The spectra present the usual
inflection point associated with quantum phase transition — observed in
the mean value 〈J2z〉 (Fig. 6(b)) — and another one at energy zero for
g > −1.0. Accordingly, there are two types of critical points in the classi-
cal phase space, but only one of them reflects QPT, with a corresponding
change in stability. One type, at q = ±pi, is always present and its sur-
rounding librations are confined by a separatrix orbit — as seen in Fig. 6(c)
— while the other one, at q = 0, appears as λ goes above 1.0, with closed
orbits around it and the — now rectangular — separatrix between the crit-
ical points. Therefore, Fig. 6(c) is associated with the mean value 〈J2z〉 for
g > −1.0, and Fig. 6(d) with that part with g < −1.0. Once they exist,
these critical points are static with respect to variations in the interaction
parameter. This is a different behavior in comparison with the other models,
where the critical point moves up or down as a function of λ. As a final
remark, for values g > −1.0, the inflection at energy zero has precisely the
energy of the separatrix seen in Fig. 6(c). However, like the inflection point
found in the rotating-wave case of the Jaynes-Cummings model, it is not
accompanied by a change in stability in phase space.
3 Discussion
A number of universal characteristics have been pointed out in the literature,
concerning quantum phase transitions (QPT) in these Curie-Weiss models
[22, 35, 36, 37, 38, 9, 10, 33]. In the following, we comment on some of them.
QPT is signaled by the presence of an inflection point in the spectrum.
As long as the interaction parameter g is varied, this inflection point moves
upwards in the spectrum and a critical parameter for QPT is usually taken as
the lowest energy level becomes the inflection point, which then disappears.
This situation is seen in all models here, except for the Jaynes-Cummings
model in the rotating wave approximation. Also, as the lower excited energy
levels become the inflection point, the corresponding quantum states man-
ifest QPT. This is a clear illustration of a more general definition of QPT,
known as excited state quantum phase transition (ESQPT) [2, 3].
At QPT, there happens a conspicuous increase in the mean value of an
observable associated with the number of one type of the elements in the
systems. Again, this is seen in all but one of our cases.
Finally, the energy of the inflection point in the quantum spectrum is the
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energy of a separatrix orbit in the classical phase space, and the appearance
of this separatrix, as the classical interaction parameter λ crosses the critical
value, marks the transition.
In addition to these characteristics, the unified approach presented here
allows a number of new observations and comparisons.
Starting with the obvious resemblance in the curves for the mean values
(part (b) in the figures), one realizes that the lower half of the spectra have
the same structure. This resemblance shows up also in the structure of the
classical phase space. In fact, since the open orbits are clearly associated
with the free term H0 of the quantum Hamiltonian, and the closed ones with
the interaction term Hint, the competition between these terms responds for
the mechanism under which QPT takes place. In this way, the appearance of
closed orbits around an equilibrium point — a sudden change in the global
(in)stability of phase space [39, 36] — signals that a new quantum regime
is accessible to the system as a whole, the collective formation of excitons
in the bilayer model or the collective excitation of fermions in the Lipkin
model, as examples.
Moreover, a unified approach may bring up interesting questions, con-
cerning physical effects in different systems with similar behavior in the
general scheme. Counter-rotating Jaynes-Cummings model (eq. (30)) and
bilayer model (eq. (39)) have both the same classical expression. Do the
physical effects seen in one system have analogs in the other? This same
question arises for the pair formed by Lipkin model (14) and pairing model
(24). In the Heisenberg model, QPT assumes a somewhat different classical
manifestation. The (dis)appearance of closed orbits around a critical point
does not follow the movement of the equilibrium point with respect to the
border of the phase space. This is an otherwise static critical point, with
respect to the interaction parameter. Static critical points are present also
in the rotating-wave Jaynes-Cummings model but, in this case, there is no
change in classical phase space neither in the quantum mean value. Are
there physical effects differentiating the quantum phase transitions in this
Heisenberg model and the other ones?
4 Conclusion
In this work, we propose a unified approach to the analysis of quantum
phase transitions in some different Curie-Weiss models. Two points are dis-
tinctive in the proposal: the balancing of free and interaction Hamiltonians
by a proper factor, and the transformation of fermionic and bosonic creation
20
and annihilation operators into SU(2) operators. The first point avoids an
eventual QPT from occurring for an interaction parameter value too close to
zero, which would make difficult its observation. The second point puts all
these models under the same general scheme, which permits treating differ-
ent physical situations, making comparisons, and raising analogous questions
for different areas.
We do not present here a detailed analysis of the physical results for these
models, mainly of the possible translations of physical questions usually
present in one model but not in a similar other, as pointed out by their
general form in this scheme. Work along this line is in progress and will
appear in due future.
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